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The :>ledian-Uuartile-Test": 
.I Procedure f o r  t h e  Non-Parametric 

Unspecified D i s t r j  bution Differences  
Tes t ing  of  Two Independent Samples as to - 

1 H.K. Rauer, Dusseldorf 

Summary: The t e s t  procetlure proposed i s  t h e o r c t i c a l l y  
proved, methodical ly  presented,  and represented  by a numerical  
example f r o m  r e sea rch  work i n  mel t ing shops. The example 
r e s u l t  i s  compared w i t h  the  r e s u l t s  obtained from r e l a t e d  

, t e s t  procedures.  

Problem 

We are given t w o ,  independent samples, which were chosen 

a t  random, of observed va lues  f o r  a chance v a r i a b l e  of a 

numerical  s c a l e  having an unknown d i s t r i b u t i o n  type.  The 

zero hypothesis  Ho i s  t o  be i n v e s t i g a t e d ;  according to t h i s ,  

t he  ' two samples a r e  chosen from e i t h e r  a common, h ighe r ,  

L'undarnental t o t a l i t y  o r  from two fundamental t o t a l i t i e s  of 

i d e n t i c a l  d i s t r i b u t i o n  type.  The opposing hypothes is  H 1 

c o n s i s t s  of an unspec i f ied  hypothesis  t o t a l i t y ,  according t o  

which the d i f f e r e n c e s  i n  d i s t r i b u t i o n  are  'not  on ly  l i m i t e d  t o  

l o c a l i z a t i o n ,  but d i f f e r e n c e s  of an a r b i t r a r y  n a t u r e  are  

allowed .I such as, d i s p e r s i o n ,  asymmetry, e x c e ~ s  o r  modality.  

The fol lowing t e s t i n g  procedures are  p o s s i b l e  (see 

(l)Dipl.Math. Rainald KO Bauer, Verein Deutscher 
Eiuenhut tenleuto,  Energie- und Betriebswirtschaftsstelle, 
Duaaeldorf, B r e i t e  S t r .  27 (author's address). 
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S i e g e l ,  J.956, pg 157 f ) :  

1. The c l a s s i c a l  X2-test  of K. Pearson f o r  t h e  case  of 
* 1  

t he  2xrn-field. It can be also replaced by t h e  exac t  p r o b a b i l i t y  

t e s t  of H.A. Fishe r  ( s e e  W.G. Cochran 1952, 19541, which can 

be extended t o  the  2xm-field case  ( f o r  i n s t a n c e ,  according t o  

S.N. Roy 1957: fo rmula  15.2.3.1). It can be rep laced  by 

l a t t e r  depending on whether o r  n o t  t he  modi f ica t ion  of 

X.D. Tocher i s  followed by cons ider ing  t h e  sample n a t u r e  

t h e  

of 

t h e  border sums; 

2 .  The (two-sided) 2-parnple t e s t  of A. Kolmogoroff and 

N (. V. Smirnoff ; and f i n a l l y ' ,  

3. The i t e r a t i o n  t e s t  of A. Wald and J. Wolfowitz. 

Let  u s  f i r s t  d i s r ega rd  the,problern of detarmining t h e  ac- 

curacy w i t h  r ega rd  t o  t h e  three procedures mentioned above 

( i n  any case ,  they have never been adequately s t u d i e d ,  up t o  

the  p re sen t  t ime) ,  A t  1 ,east  t h r e e  ob jec t ions  then  remain,  

making t h e  method proposed by S i e g e l  somewhat u n s a t i s f a c t o r y ,  

i n  a t h e q r e t i c a l  sense as w e l l  a s  i n  a p r a c t i c a l  sense:  

a )  The X2 and the  F i she r  t e s t  and - depending on t h e  n a t u r e  

of the data  - t h e  Kolmogoroff-Smirnoff t e s t ,  make a value  

c l a s s i f i c a t i o n ,  which i s  b a s i c a l l y  a r b i t r a r y ,  of t h e  numerical ly-  

sca led  random v a r i a b l e s  (such as WQ assumed a t  t h e  beginning 

of t h i s  a r t i c l e ) ,  Without ques t ion ,  this i n t roduces  a com- 

p l e t e l y  a r b i t r a r y  element i n t o  t h e  t e s t i n g  process .  

b)  The Wald-Wolfowitz t e s t  i s  q u i t e  involved i n  terms of 

computation (this is also t r u e  of t h e  Kolmogoroff-Smirnoff 

t h e  Greek l e t t e r  chi c-( 

(1) Xn t h i s  paper ,  X f s  used t o  des igna te  
- 

. I  
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t e s t  under c e r t a i n  cond i t ions ) ,  and, i n  a d d i t i o n ,  i t  is corn- 

p l e t e l y  u s e l e s s  i f  i d e n t i c a l  obse rva t iona l  va lues  simultalieously 

occur many times i n  t h e  two samples. Also, t h e r e  i s  some 

d a b t  as t o  i t s  asymptot ic  normal i ty ,  a b a s i c  condiiAon for 

i t s  a p p l i c a t i o n  t o  l a r g e r  and/or unequal sample s i z e s .  (See 

E.L. Lehrnann 1953) .  

' c )  None of t h e  three procedures permi ts  an i n t e r p r e t a t i o n  

of t h e  n a t u r e  of t h e  determined d i s t r i b u t i o n  d i f f e r e n c e ,  a s  

one of i t s  s i g n i f i c a n t  r e s u l t s .  

Therefore ,  i t  i s  d e s i r a b l e  t h a t  a procedure be found which: 

A )  o b j e c t i f i e s  t h e  reduct ion  i n  d a t a  s c a l i n g  which  may 

be necessary,  

B )  holds t h e  computational work within bounds, and 

' C) i n t e r p r e t s  t h e  hypothesis  Hl0 

The modi f ica t ion  of t h e  so -ca l l ed  median t e s t  ( o r i g i n a l l y  

descr ibed  by A.M. Mood 1950) i n  t h e  f o r m  of a gene ra l i zed  

t e s t i n g  hypothes is  has  proven t o  be s u i t a b l e  i n  a few problems, 

such as t h e  c a l c u l a t i o n  example presented  below. The pro- 

cedure i n  no way f u l f i l l s  t h e  cond i t ions  ( A ) ,  (B), (C) i n  an 

i d e a l  way. It i s  c a l l e d  median-quart i le  t e s t  i n  t h i s  t ex t ,  

The nex t  s e c t i o n  p r e s e n t s  a d e s c r i p t i o n  of t h e  t e s t  method, 

followed by an example, p resented  in f u l l  d e t a i l ,  which is en- 

countered i n  s t a t i s t i c a l  work a t  a s t e e l  m i l l .  

Method 
,- .... 

1) Let  t h e  N obse rva t iona l  values: 
I 

*i (i=192; k=1,2,....., X"xik 



. !, 

of t he  two samples 1 and 2, having s i z e s  N and N2(N1 + N2 = 1 

= N )  r e s p e c t i v e l y ,  be ordered i n  a common sequence: 

p j  

i n  such a way t h a t  always . 

If i t  i s  impossible  t o  meet t h i s  requirement ,  due t o  i d e n t i c a l  

. obse rva t iona l  va lues  x ,  tk;en a mean rank number is ass igned  

to t hese  va lues ,  according t o  t h e  formula: 

r - r  
2 

max min - '  

r = r  + min 

i n  which r i s  t h e  rank number fo l lowing  t h e  o b s e r v a t i o n a l  mjn 
value which i,s nex t  sma l l e r  i n  s i z e  t o  the  i d e n t i c a l  x, 

and r =r + t-1, m a x  min if t i d e n t i c a l  x a r e  

present .  If u occurs  inany t imes,  then rmin(x) i s  t h e  r ank  

number a f t e r  r (u ) .  max 

2 )  Let  N = 4 q - 1  and q be a whole number. Find t h e  lower 

(r) q u a r t i l e  i n (  x 
Q1 = x (9) 

( 2 q )  
t h e  median 

Z = Q 2 = x  

hind t h e  upper q u a r t i l e  
(3s) 

Q3 = x 0 

N + l  If q = -i;-- 

uniquely def ined  because of i d e n t i c a l  Observat ional  v a l u e s  

(having mean rank  numbers), then they a r e  determined I n  such 

a way t h a t ,  a t  l e a s t  in an approximate manner, t h e  following: 

i s  no t  a whole number and/or t he  Q'Scannot be 
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sample probabi l i t ies  are v a l i d ,  a s  exactly as i s  p o s s i b l e :  

3 )  Let the N observational values x b e  reduced to the 

following 2x4 - field table:  

n = n ( x )  ’ ( 3  = 1,2,3,4) ij ij 4 )  L e t  

be the abundance of the observational value x of the i-sample 

i n  the j-quarter of the rank sequence (x  (r) ) (which is 

common to both samples), that is, the abundance of 

2 Furthermore l e t  
R f )  n =L n (or at l east  e z  3 ” i j- 
i=l 

be the r ight  border sums of the 2x4-field table ,  shown in 

( 3 ) .  The lower border 8 m s  4 N ~ = C  . nij 

j=1 I 
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are the Siven sample sizes N and N2 by definitAon. 1 .  

Then t h e  sample probability f o r  the occupation o f  the 
5- Y 

2x4- f i e l d  table ,  given by a concrete n and the border s u m s  
13 

Ni and n is :  . j '' 

and t h e  expected value of the'sample of nij i s  

E(nijlN,i;n.) = Ni q- = En 
t J i j  

or,  again, i f  A = holds exactly, j T  
N. 
i 

. E(nijlNi;n.)  J = 4- = Enij. 

5) The hypothesis Ho ( s e e  "problem") can be t e s ted  as 

follows: 

a )  without any condition with . 
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or, hhen Pobs( a ( a i s  t h e  g iven  p r o b a b i l i t y  of a i r ) ,  w i t h  

= 'obs + Pex t r  

i s  the  sum of a l l  the  p ' s ,  c a l c u l a t e d  ac- e x t r  (where P 

cording t o  t h e  d e f i n i n g  formulas f o r  Pobs, which r e s u l t  f r o m  

changing t h e  n 

These p ' s  a l s o  show t h a t  Ho is  wrong, to a g r e a t e r  e x t e n t  than 

does t h e  2 x b f i e L d  t a b l e ,  ' through Pobs in t h e  manner a l r e a d y  

ind ica t ed .  Also, one always has P 

, r e t a i n i n g  t h e  border  sums Ni and n i 3  3: 

. 
). O r ,  when e x t r  (''ob8 

e x t r  a - C'P 
T =  

'obs 
e 

Acco?-ding to t h i s  th ree-s tage  t e s t  procedure ( = Tocher 's  

modif fca t ion  of t h e  exac t  p r o b a b i l i t y  t es t  of ' f i ' i sher ,  a p p l i e d  

t o  a 2x4-f ie ld  t a b l e ) ,  Ho is t o  be r e j e c t e d  i f  p < a OF, i f  

a t  l e a s t  T i s  n o t s n a l l e r  than a given c o i n c i d e n t a l  number 2 

between 0 and 1, 

proved i f  Pobs > a, or i f  T < 2 i f  Pobs < a ( and, t h e r e f o r e ,  

P > a ) ,  

O n  the  o t h e r  hand, Ho h a s . s t i l 1  not been d i s -  

b) Under t h e  c o n d i t i o n  t h a t ,  a t  t he  m o s t ,  one En < 5 i 3  
and t h a t  a l l  En > 1, wi th  i d  

2 (ni'j - En j )  ' 2  
. .  i 

. En x2 -L 

i j  . 
is1 j = L  



2 
( =  X - t e s t  i n  t h e  2x4-f ie ld  case ) .  Therefore ,  H i r u  'to be 

r e j e c t e d  i f  X: 
0 

i s  t h e  t a b l e  va lue  having t h e  p r o b a b i l i t y '  a ,  
2 2 

2 If X < Xo , then  k1 * for 3 degrees  of freedom and X 0 > X / 0 '  

can be r e t a i n e d .  

6 )  Up u n t i l  t h e  p re sen t ,  t h e  proposed t e s t i n g  method has 

f u l f i l l e d  t h e  C i r s t  two of t h e  t h r e e  cond i t ions  mentioned a t  

t h e  beginning of t h i s  paper:  t h e  c l a s s i f i c a t i o n  of t he  va fues  

was o b j e c t i f i e d  by in t roduc ing  t h e  q u a r t i l e s ,  i n  c o n t r a s t  t o  

t h e  usua l  X - o r  F i she r  t e s t  and t h e  Kolmogoroff-Smirnoff 

. t e s t  ( c o n d i t i o n  A ) .  The computational e f f o r t  has  remained t h e  

same as for t h e  X - o r  F i she r  t e s t .  It has been reduced from 

2 

2 

t h a t  r e q u i r e d  for t h e  Wald-Wolfowite t e s t ,  and it  has been 

made sma l l e r ,  r a t h e r  than  en larged ,  with r e spec t  t o  t h e  . 

Kolmogoroff-Srnirnoff t e s t  ( c o n d i t i o n  B). 

I n  c o n t r a s t  t o  t h i s ,  i t  is only p o s s i b l e  t o  meet c o n d i t i o n  

C w i t h  t h e  t e s t  proceduf-e 5b ' ( p o s s i b i l i t y  of i n t e r p r e t a t i o n  

. of t h e  opposing hypothes is  H f o r  n s i g n i f i c a n t  t e s t i n g  r e s u l t ,  1 
2 s e e  *tProblemtt.). . A n  a n a l y s i s  of t h e  X - p a r t i a l  v a l u e s  

2 
2 (n  i j  - Eni.)  

i-1 
En x2 = >= 

3 .  i j  j r l  

of t h e  median-quart i le  t e s t  for independent X2-values, having 

one degree of freedom, determines i n  which q u a r t e r ,  o r  which 

q u a r t e r s ,  oftbe' rank  s e r i e s  ( x ' ~ ) )  (which i s  common t o  both 

s a m p l e s )  t h e  s i g n i f i c a n t  d i s t r i b u t i o n  d i f f e r e n c e s  lieo A 
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2 
s e p a r a t e  a n a l y s i s  of X -partial  v a l u e s  of t h i s  type , or 
s i m i l a r .  type,  i s  a l r e a d y  we l l  known f r o m  g e n o s t a t i c  problems 

( see ,  f o r  i n s t ance ,  R.A. F i s h e r  1956, pg. 103 f f ) .  However, 

i t  is necessary in t h e  p re sen t  ca se  t o  keep t h e  f a c t  in mind 

t h a t  t he  i n d i v i d u a l  X2 a r e  n o t  independent. I n s t e a d ,  i t  is  S 
. necessary  t o  d e a l  w i t h  one a d d i t i o n a l  degree of freedom, as 

2 compared t o  t he  a n a l y s i s  of' t he  t o t a l  X , which ,  so t o  speak, 

has  the  e f f e c t  of  an assurance  bonus of t h e  t e s t i n g  r e s u l t  
2 
j' 

from t h e  X 

If the  observed va lues  x a r e  given the  fo l lowing  n o t a t i o n :  

a)  normal" wi th in  t h e  semi-region of t he  

< Q g ) ?  

b) "abnormally l o w r r  below t h e  semi-region 

rank  s e r i e s  ( Q  1 < x ' 

can be i n t e r p r e t e d  i n  the  sense  t h a t  i n  

c )  Itabnormally high" above t h e  semi-region ( x > Q  1, 3 

so t h a t  then ,  for i n s t a n c e ,  t h e  r e s u l t  

XI . s i g n i f i c a n t  

n o t '  s i g n i f i c a n t  

one of t he  two.funda- 

.mental  ensembles, governing one of t h e  two samples, t h e r e  i s  

a more f r equen t  occumnce of abnormally low o b s e r v a t i o n a l  va lues  

than  t h e r e  i e  i n  t h e  o t h e r .  It is evident  t h a t  t h i s  r e s u l t  

cannot be based on a d i f f e r e n c e  i n  l o c a l i z a t i o n  of t he  
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two diFtributions alone, but a l s o  on the fact that there must 

a l s o  be difference in the dispersion and/or in the symmetry 

properties of the distributions. 

On the o t h e r  hand, for instance, the result 

significant 

not significant * 

si gni f ican t 

can occur for distributions which differ only in their 

localization . 
Even though such an analysis does not give an unique 

determination of H1, at least it presents an idea of the 

manner in which the determined difference in distribution came 

about, This indication is often sufficient for practical 

application, such as is indicated by the following example.' 

I 

Example 

A certain type of steel, from which clubs of the same 

dimensions and manufactured by the same process are made, is 

melted in two differGnt steel factories, We want to investi- 

gate the question of whether there- is a differencegin the 

cleaning ef€ort necessary to improve the clubs' surface,be- 

tween the shipments of the two manufacturers. The magni- 

tude of this difference is to be also investigated. 

The investigated quantities are the specific club cleaning 



times (measured in h / t )  for 30 melts f r o m  s t e e l  mill 1,and 

for  38 melts from s t e e l  m i l l  2. These data are presented i n  

S p e c i f i c  Club Cleaning 
T i m e  per Melt ( h / t )  M i l l  (i=1,2;k=1,2..00,Ni) 

i ik 

Table  1 - from l e f t  t o  right, i n  the order of their occurrence. 

No. of 
Melts 
N, 

T a b l e  1 

1 I 
1 2.6 2.7 2.9 ? e 5  2.7 4.4. 4.6 1.6 1.1 1.4 

2.1 2.4 5.2 1.1 1.4 5.0 2.0 0.3 2.3 2.7 

1.5 5.0 1.6 1.5 2.7 '2.0 .3.8 2.0 4.1 2.! 

2 1.3 2.0 4.7 1.4 1.0 1.0 2.5 1.3 2.4 5.5 

4. 

I 
b 

30 

I I  2.2 1.8 1.5 2.1 1.7 1.7 2.0 2.1 2.1 . l o b  

2.4 1.4 ?.7 .2.J 0.7 2.3 1.4 1.7 1.3 2.0 'I I I 1 1.1 2.8 2.1 1.9 2.2 0.9' 1.9 2.3 I . .  .- 



T a b l e  2 
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By:. - 
0.9 
1.1 
1.1 
1.4 
1.4 
1.5 
1.5 
1.6 
1.6 
2.0 
2.0 
2.0 

2.3 

- 

r 
2.4 
2.5 
2.6 
2.7 
- 
2.7 
2.7 

1 2.7 
f 2.8 

2.9 
3.8 
4.1 
4.4 
4.6 
5.0 
5.2 
5.8 

0 
0 
0 

6.5 

48.5 (48.491 
25.5 1.8 1 50 

53 (51.55 1 \ \ [27:28]' 27.5 1.9 
.I 

53 53 " \ \ f29:34] I i:: . 53 31.5 2.0 
56.5 [ 56,.57 ] CI 31.5 1 2.0 
58.5 [58,59] 1 2.1 
60 37 

37 
37 

40.5. 

61 
62 
63 
65 
66 
68 

45.5 

2.1 
2.1 
2.1 
2.2 
2.2 
2.3 
2.4 
2.4 

! 



Let us f i rs t  i n v e s t i g a t e  t h e  hypothesis  t h a t  t he  two 

s a m p l e s  of s p e c i f i c  c lub  c l ean ing  t imes have t h e  same "Central 

tendency", i . e . ,  t h e  fundamental ensembles superimposed on them 

are l oca t ed  a t  t h e  s a m e  position along t h e  numerical  s c a l e .  

( I t  is t r u e  t h a t  the a r i t h m e t i c  mean of t h e  s p e c i f i c  c l u b  

c leaning  t imes f o r  t h e  30 m e l t s  from s t e e l  m i l l  1 equals  

2.65 h / t .  For t h e  38 mel t s  from s t e e l  m i l l  2, i t  equa l s  

2.02 h / t ) .  The obse rva t iona l  va lues  x ( i = 1 , 2 ;  k=l,2....Ni; 

N1=30; N2= 38)  a r e  a3so brought i n t o  a common rank o rde r  s e r i e s  

(r) having the  s a m e  (xik ) (knl.2 ..... N i l e  Table 2 ' f o r  xik 

abso lu te  va lue ,  shows t h e  common ( m e a n )  rank number rik=r 

and t h e  value range of t h e  e f f e c t i v e  rank numbers (r 

ik 

( r )  

- 
r m i n '  m a x  

i k = x i k  
( r )  If we choose the  common sample-median o f * t h e  x = x 

as: 

= 2.0 h / k ,  Q2 

then t h e  cond i t ion  p(x Q E % is e x a c t l y  f u l f i l l e d ,  and 

t h e  median t e s t  can b e  app l i ed  as follows: 
\I 2 

ni j ( ~ )  i = l  

j = 1 , 2  
j = 3,4 
t o t a l  

1 2  
18 
30 

i = 2  t o t a l  

22 
16 
38 

34 I 

34 
68 

The X 2 - t e s t  can se rve  as a t e s t i n g  procedure for t h e  

2x2-field c a s e  (with the  c o n t i n u i t y  c o r r e c t i o n  of F.Yates). 

We ob ta in  X2 = 1.49 .  

This va lue  i s  n o t  s i g n i f i c a n t , w i t h  a presupposed va lue  of 

2 a =  0.05 f o r  t h e  e r r o r  p r o b a b i l i t y  (Xo = 3.84 for 1 degree 

of freedom). . . .. 
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X procedure f o r  t e s t i n g  t h e  hypothesis  of a common 

c e n t r a l  tendency of two, independent samples,  which h a s  better 

r e s o l u t i o n  than t h e  median t e s t  f o r  t h e  s i z e  of tlie p r e s e n t  * '  

i n v e s t i g a t i o n a l  data (N = 681, is, for exaniple, t h e  corresponding 

modif icat ion of t h e  Wilcoxon t e s t .  We s h a l l  now apply t h i s  

procedure i n  order  t o  c o n t r o l  the  r e s u l t  of t h e  median t e s t ,  

which is  e a s i e r  t o  compute. 

The t e s t  number of t h e  Wilcoxon t e s t ,  t h e  sum of t h e  r ank  

number i n  t h e  sma l l e r  of t h e  two samples  (sample 11, is: 

Its sample expec ta t ion  va lue ,  assuming t h a t  t h e  t e s t i n g  hypoth- 

es i s  holds, is: 
N, ( N + 1 )  

and t h e  mean under t he  s a m e  cond i t ion ,  i s :  

MQA(R) = 81 ., 
For t h e  s i ze  of t h e  given N,  R can be assumed t o  be 

normally d i s t r i b u t e d  i n  t h e  case  of t h e  t e s t i n g  hypothes is ,  

and t h e r e f o r e  

can be assumed to be normally d i s t r i b u t e d  with t h e  expecta- 

Lion value 0 and t h e  s c a t t e r  1. Corresponding t o  the  ca- 
I .  

. cu ln ted  u = 2 . 0 9 ,  t h e r e  is a t a b l e  va lue  uo =t 1.96 a c r o s s  

from a =  0.05. The hypothes is  of a common, c e n t r a l  tendency 



i n  t h e  two samples can be r e j e c t e d ,  w i t h  t he  p r o b a b i l i t y  of 

e r r o r  of 5%, whereas t h e  non-signif i c a n t  r e s u l t  of t he  median 

t e s t  should be due t o  i t s  small  r e s o l u t i o n .  ( In  t h e  case  of 

t h e  Wilcoxon t e s t ,  t h e  necessary c o n t i n u i t y  c o r r e c t i o n  on t h e  

r i g h t  s i d e , f o r  t a k i n g  i n t o  account t h e  obse rva t iona l  va lues  

having common rank numbers, can b e  d i s regarded  , because 

u = u  i s  a l r e a d y  s i g n i f i c a n t  and we always have uncorr ,  

U c o r r  > U 1 uncorr.  

If Table 2 i s  examined i n  g r e a t e r  d e t a i l ,  i t  would be ex- 

pected t h a t  t h e  d i f f e r e n c e  between t h e  two sample d i s t r i b u t i o n s  

i s  not  so much i n  t h e  c e n t r a l  tendency, as i t  is  i n  t h e  d i s -  

pe r s ion  and/or i n  t h e  asymmetry of t h e  d i s t r k b u t i o n s .  

case ,  i t  should be noted t h a t  t h e  obse rva t iona l  va lues ,having  

the orde r  of magnitude 2 - Q ,  

f r e q u e n t l y  than  i n  sacnple 2. .Therefore,  i n  the r e s t  of t h e  i n -  

v e s t i g a t i o n  of our d a t a ,  we s h a l l  no longer  r e s t r i c t  the t e s t i n g  

I n  any . 

and more i n  sample 1, appear  more 

hypothesis  t o  a s p e c i a l  c h a r a c t e r i s t i c  of t h e  d i s t r i b u t i o n ,  but 

also t o  non-spec i f ic  d i s t r i b u t i o n  d i f f e r e n c e s ,  wi th  the a i d  

of t h e  median-quart i le  t e s t ,  

For t h i s  purpose,  w e  s h a l l  choase t h e  q u a r t i l e s  i n  such a 

way t h a t  each q u a r t e r  of t h e  common d i s t r i b u t i o n  c o n t a i n s  

obser.vationa1 va lues ,  as c l o s e  as poss ib l e .  Therefore ,  w e  

ob ta in ,  f o r  t h e  lower q u a r t i l e ,  Q1 = 1.5 h / t  , and for t h e  

=: 2.6 h / t  . (The d e v i a t i o n  f r o m  t h e  Q3 upper q u a r t i l e  

d e s i r e d  r e l a t i o n s h i p  p ( x  ,<os) J 3 / 4  is  s m a l l e r  f o r  



16 

= 2.6 h/t with p=' 0.74, than for Q = 2.7 h/t with prO.&l). 
Q3 3 
The median-quartile test must 'be set up as follows: 

n ( X I  ij i = l  i = 2  total 

j = 1  7 11 18 
16 
16 

: = 2  5 11 
5 = 3  5- 11 
j = 4  13 ' 5  18 
total 30 38 68 

Let us again test with X2 and we obtain 

x2 = 8.28 , 
2 

a value which exceeds the 'table value Xo = 7.81 for d = 0.05 

and three degrees of freedom. 

Thus, the hypothesis of the existence of a general dis- 

trjbution identity of the fundamental ensembles, which are 

superimposed on the two samples, must be rejected.' The re- 

maining question.is, if, copsidering the results derived from 

the Wilcoxon test, there is only one difference in the central 

tendency or if other differences play a decisive role in the 

result of the median-quartile test. 
2 In order to answer this question, the X -partial values 

of the median-quartile test 
X: = 0.18 

xi = 2.12. 

X2 = 1.12 and 3 
2 x4 = 5.86 

are analyzed as independent X2-values having one degree of free- 

dorn each. The result is'that only X4 is statistically 2 
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2 assured  f o r  52 = 0.05 (Xo I 3.84). It fo l lows  from t h i s :  t h e  

d i f f e r e n c e s  i n  d i s t r i b u t i o n ,  d e t e c t e d  by the  median-qunrt i le  

t e s t ,  a r e  based e s s e n t i a l l y  - a t  l e a s t  i n  p a r t  - on t h e  f a c t  

t h a t  t h e  occurrerice p r o b a b i l i t y  of obse rva t iona l  va lues  above 

t h e  (common) semi-region, t h a t  i s ,  p ( x  > Q 3 ) ,  i s  d i f f e r e n t  

i n  the  two ensembles, and t h e r e f o r e  t h e  d i s p e r s i o n  and/or 

t h e  symmetry behaviour i s  d i f f e r e n t .  

. 

If t h e  r e s u l t s  of t h e  lJilcoxon and t h e  median-quart i le  

t e s t s  a r e  summarized, t he  concre te  ques t ion  of t h e  f irst  para-  

graph of t h i s  s e c t i o n  "Example" can be answered as follows', 

The melts  from s t e e l  m i l l  1 r e q u i r e  a higher  c lub  c l ean ing  

e f f o r t ,  on t h e  average, than do t h e  melts  from s t e e l  m i l l  2. 

This  e f f e c t  i s , i n  p a r t i c u l a r ,  due t o  t h e  fac t  t h a t  t h e r e  a r e  

many more melts  wi,th abnormally high c leaning  requirements  

from s t e e l  m i l l  1 than t h e r e  a r e  from s t e e l  m i l l  2 .  

Let  us compare t h e  median-quart i le  t e s t  f i n a l l y  w i t h ' t h e  

pure  X2-procedure and t h e  Kolmogoroff-Srnirnoff t e s t ,  even 

though we know i n  advance t h a t  t h e i r  t e s t i n g  r e s u l t s  cannot 

be i n t e r p r e t e d  i n  t h e  form descr ibed  above. 

L e t  us choose a four -s tage  va lue  c l a s s i f i c a t i o n  of t h e  

For t h i s  pur- i n v e s t i g a t e d  v a r i a b l e s  f o r  t h e  pure X2 t e s t .  

pose,  t h e  obse rva t iona l  va lues ,  c a l c u l a t e d  t o  0.1 h / t ,  a r e  

rounded o f f  t o  an accuracy of 0 . 5  h / t  (so  t h a t ,  f o r  example, 

t h e  rounded va lue  2 h/t corresponds t o  the o b s e r v a t i o n a l  v a l u e s  

1.8 - 2.3 h / t ,  and the rounded va lue  2.5 h/t corresponds t o  
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the observational values 2.3 - 2,7 h/t'). The X2 test is 

done as fo l lows:  

24 

Xik), 9 
total 30 

13 
68 

. .  15 
x = 2  4 1 3 . ~ .  17 i 'IC 

i k  'X = 2.5 8 6 14 
4 

38' 

We then obtain X2 = 7.70 , which is not secured 
From 2 for tc= 0,05 and three degrees of freedom (X, = 7.81): . 

this, it can be seen that a value classification, which is not 

pulled out of thin air, of numerically-scaled data can lead 

to a n  entirely different result in the case of the X2 test, 

Lhan another classification (also ttreasonablell) such as that 

presupposed by,the median-quartile test. This is another 

reason for giving preference to the classification procedure 

of the median-quartile test, w1iic.h is objective,i.e,, fixed, 

once and for a l l .  

In order to exclude any arbitrary element f r o m  the value 

classification of the Kolmogoroff-Smirnoff test.in advance, 

we shall retain the original, observational values in this 

test procedureo Table 3 shows the sum, percen'tile abundaricies 

Fi(x) of the two samples of Fi(xmin) to F.(x,,,), and the 
3. 

absolute values of their differences, d ( x )  = I FL(x) - P , ( x ) ]  



Table 3 

- 
F2 ( 2 )  - 
0.026 

-026 
05s 
IO5 

0105 
,105 . i 3 4  
.263 
,269 
e289 
.395 
.457 

. .500 

. .579 
e634 
* 737 
,963 
,842 
s8G8 
eP68 - 

- 
4 (2) 

0.026 
c126 
020 

.072 
005 

.005 
-084 
-096 
-056 
.Oll 
095 
147 

.200 
179 

-251 
.304 
-296 
342 

..335 
e 3 0 1  

- 

- 

- 
- 

2.7 
2.8 
2.9 ... 
s. a ... 
4. I 

4.4 
4.5 
4.6 
4.7 

5.0 
5.1 

... 

... 
. '5.2 ... 

5.5 

5.8 
... - 

- 
F, I s )  

0.700 
.733 

767 

. Po0 

.833 

- 

... 

... 

... . a67 

.867 

.goo 
900 

.933 

.933 
-967 

... 

... 
967 

1.000 
... - 

- 
F2 (d - 
0.895 

.921 

.947 

.947 

947 

* 947 
.947 
.947 
,973 

.973 

.973 

.973 

1.000 

1.000 

... 

... 

... 

0.. 

*.. 
... - 

0.195 
188 

.I80 

-147 
0.. 

... 
e114 

.080 

041 
073 

. a40 
a040 
-006 

033 

.ow , 

0.. 

. oao 

... 

... 
.a * . 

The calculated value of the tested quantity of the 

Xolmogoroff-Smirnoff test, for x = 2.4 h/t is 

and the comparison value - for N1 # N2 and N1,N2> 30 for  

a =  0.05 (according to Smirnoff 1948) - is 

Thus, the Kolmogoroff-Smirnoff test leads to a rejection 

of Ho,as was the case for the median-quartile test, 

It might still be of interest to examine the question of 

the influence of the value classification on th.e testing . 
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r e s u l t  of the  liolrnogoroff-Smirno€f test, As Table 4 shows, 

(Table 4 is an excerpt of Table 3, in which the observational 

values are rounded off to an accuracy of 0 , 5  h/t) one would 

have found significance in the present case, if the value 
2 classification of the pure X test were used: 

Table 4 

Also it becomes more than the comparison value Do for 

x = 2.0 h/t. 
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