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ABSTRACT. The standard nonparametric 1-sample runs test, which is based on the
total number of runs, has recently been found to give anomalous results in the case
of data consisting solely of runs of length 2. Furthermore, tests based on the total
number of runs provide little information as to the length of the individual runs. An
explanation for that anomaly is provided, and tests based on the length of runs are
described. Such tests can be successfully applied to runs of length 2 but usually use
asymptotic methods of assessing statistical significance, In addition, such tests gen-
erally impose arbitrary limits as to the maximum run length. A new procedure that
allows the maximum run length to be empirically determined is described. In that
procedure, one uses a Monte Carlo permutation test to ascertain statistical signifi-
cance. The new Monte Carlo omnibus length-of-runs procedure is illustrated with
examples from suicide research and from psycholinguistics.

RSN II————— e - ' llllseseeei i

RESEARCHERS ARE OFTEN CONCERNED with determining whether
observed sequences contain patterns. One form of pattern is a run, or repetition
of like elements in a series of observations. As defined by Siegel and Castellan
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(198%), “A run is defined as a succession of identical symbols which are followed
and preceded by different symbols or by no symbols at all” (p. 58). Thus, in a
series of coin flips (H = heads, T = tails) HTTTTTHTT, there are two runs of
length one for heads (the first H is preceded by no symbol and followed by a dif-
ferent symbol T; the second H is both preceded and followed by a T), one run of
length two for tails (preceded by an H and followed by no symbol at all), and one
run of length five for tails (both preceded and followed by an H).

The authors of several reviews (e.g., Hazell, 1993; Jobes, Berman, O Carroll,
Eastgard, & Knickmeyer, 1996; Phillips, 1985) have examined whether occur-
rences of suicide occur randomly over time. The alternative hypothesis 1s that
media reports of suicide induce copycat or imitative behaviors, leading to sul-
cides occurring in clumps or runs. Phillips (1974) termed such a process the
Werther effect, after Johann Wolfgang von Goethe's novella Die Leiden des jun-
gen Werthers (The sorrows of young Werther), which ends with the protagonist
committing suicide. Publication of the novella in 1774 was rumored to have been
followed by a large number of suicides in Europe (Phillips, 1974, 1985).

To test the hypothesis described above, Church and Phillips (1984) searched for
clumps or patterns in a particular form of suicide—asphyxiation by means of a
plastic bag. If the series is binary (e.g., a suicide did or did not occur during a par-
ticular time segment), then one can generally use the standard one-sample runs test
to examine clumps or runs. That test, originally developed by von Bortkiewicz
(1917), Mood (1940), and Stevens (1939), among others, is based on the total num-
ber of runs of length one or higher (e.g., Siegel & Castellan, 1988).

The one-sample runs test is concerned with whether there are fewer or more
runs than would be expected by chance. To proceed with the opening example,
Church and Phillips (1984) analyzed suicides in Kingston-on-Hull, England,
between 1971 and 1981. They first divided the series of observations into sixty
2-month segments. A plastic bag asphyxiation suicide did not occur in 51 seg-
ments and did occur in 9 segments.

The expected number of runs of both suicides and nonsuicides can be calcu-
lated as (Lentner, 1982, Formula 894)

(2mn/N) + 1, (1)

where m represents the number of occurrences of one category (e.g., suicides), n
represents the number of occurrences of the other category, and N = m + n. The
expected number of runs was therefore 16.3. The number of runs (of both suicides
and nonsuicides) found by Church and Phillips (1984) was | 1. They found that the
exact probability that 11 or fewer runs would occur was .0142. In other words,
there were fewer runs than would be expected under the null hypothesis. Such a
finding may reflect clumping or clustering of that particular form of suicide.

The runs test is implemented n general statistics packages such as SPSS
(SPSS Inc., 1997) and Stata (Stata Corporation, 1997): exact significance tests
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are available in MULTRUNS (Koppen & Verhelst, 1986), SPSS Exact Tests
(SPSS Inc. 1997), and StatXact (Cytel Software Corporation, 1995). In addition
to the suicide study cited previously (Church & Phillips, 1984), the runs test has
been used as an adjunct to data smoothing (Bradley, Steil, & Bergman, 1995) and
in the fields of genetics (Feil, Zhou, Maynard-Smith, & Spratt, 1996), image pro-
cessing (Chuang & Huang, 1993), narrative analysis (Dorval, 1986: Frautschi &
Thoiron, 1993), and neurophysiology (RahamimofT, Edry-Schiller, Rubin-
Fraenkel, Butkovich, & Ginsbury, 1995). The runs test has also been applied in
the fields of psychopharmacology (Rump, Siekmann, Dreja, & Kalff, 1997).
regression diagnostics (Mendenhall, Reinmuth, & Beaver, 1993: but see
Huitema, McKean, & Zhao, 1996), research productivity (Katerndahl, 1996),
response validity (Cliffe, 1992; Huba, 1986), and the testing of random number
generators (Barry, 1996; Onghena, 1993; Tries, 1997).

The Runs Test: An Anomaly

Mogull (1994) recently described an anomaly in the standard one-sample runs
lest. When used with both exact tabled (Lentner, 1982: Swed & Eisenhart, 1943)
and asymptotic (Mood, 1940; Siegel & Castellan, 1988) statistical significance
values, the one-sample runs test is not able to reject the null hypothesis for a data
series consisting exclusively of runs of length two. An example of such a series
1s HHTTHHTTHHTTHHTTHHTTHHTT, where # denotes heads and T denotes
tails. Mogull (1994) provided several hypothetical examples of such runs, includ-
ing students’ copying answers from other students’ examination papers.

In terms of the suicide example, it is possiblc that two time periods in which
suicides did not occur were immediately followed by two time periods in which
sutcides did occur. However, we preferred to use a hypothetical example based
on the simple tossing of coins. That activity still commonly appears in discus-
sions of elementary probability (e.g., Konold, 1995).

Although betting on the outcome of a single coin is an informal activity at best,
Australian casinos offer gamblers the traditional game of two-up (Hill, 1995),
which involves the tossing of two coins. The main participant, known as the spin-
ner, seeks to throw three consecutive pairs of heads. Other players bet on both
coins turning up heads or both coins turning up tails. The series of 24 coin tosses
shown previously is clearly not random, something that could be exploited by our
hypothetical gamblers. However, an exact runs test, performed using SPSS Exact
Tests (SPSS Inc., 1997), established that the probabilily of obtaining 12 runs in
24 observations or coin tosses is .8421, with a 95% confidence interval (Lentner,
1982, p. 165) of 7 to 19 runs. On the basis of a standard one-sample runs Lest,
theretore, the above sequence cannot be distinguished from a random process.

Mogull (1994) has also shown that the runs test is not able to reject the null
hypothesis of no pattern, even if a data series consisting of one million runs of
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length two is analyzed. The power of the runs test for detecting patterns in runs
of length two actually decreases for large samples. When applied to runs of length
one (c.g., HTHT . . ), three (e.g.. HHHTTT . . .), and four (e.g., HHHHTTTT . . ),
however, the runs test was successfully able to reject the null hypothesis.

Because Mogull (1994) did not provide an explanation for the above anomaly,
in the present article we examined formulas for the expected total number of runs
and the expected number of runs of length two.

In the case of equal numbers of heads and tails, the exact expected total num-
ber of runs (tr) is given by (e.g., Lentner, 1982, Formula 894)

tr=(2n%N) + 1, (2)

where n is the number of either heads or tails and N is the total numbers of heads
and tails, as defined earlier. The above formula can be further simplified as follows:

tr=(N/2) + 1. )

The maximum number of runs of length two is equal to N/2, and so it can be
seen that the observed (N/2) and the expected (N/2) + 1 values are about equal,
giving rise to the anomaly. For no other run length is the expected number of runs
of length (L)—N/L— equal, or very close, to the total expected number of runs.
That anomaly can be explained by the fact that the standard one-sample runs test
is sensitive only to an aberrant number of runs. Other patterns in the data, such
as those introduced by systematic runs of length two, may not be able to be
detected. In the present study, we were concerned with the development of a type
of runs test that is able to detect runs of length two as well as other lengths. We
validated such a test on random, as well as actual, data.

Length of Runs

Although the test based on the total number of runs is arguably the most well
known, there are several other forms of one-sample runs tests (e.g., Agin & God-
bole. 1992: Gibbons & Chakraborti, 1992; Lentner, 1982; Potthoft, 1989). For
instance, Levene and Wolfowitz (1944) and Mood (1940) described tests involv-
ing specific run lengths.

In the running example involving 24 observations, there were 12 observed (o)
runs of length two. The expected (e) mean number of runs of length (x) can be
calculated by the asymptotic or large sample formula provided by Lentner (1982,
Formula 889), Harrison and Tamaschke (1993), Mood (1940), and von
Bortkiewicz (1917):

e = Np*q?, (4)

where N is the total number of heads and tails (e.g., 24), p is the proportion of heads
(e.g., .50), g is the proportion of tails (e.g., .50), and x is the run length (e.g., 2).
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The asymptotic variance (v) (e.g., Lentner, 1982, Formula 889) can be esti-
mated by

v=e{l - e/N[(x*p + 2lg) - (x + 1)?]}. (3)

The above formulas are intended for runs of either heads or tails, but not both.
Because the number of heads and tails in the running example are equal, both e
and v were multiplied by 2. Note that the doubling of the variances incorrectly
assumes that runs of heads and runs of tails are independent, which they are not.
lor example, if there were 12 runs of heads observed in 24 coin tosses, there must
also be 12 runs of tails, if heads and tails occur with equal probability. The vari-
ance cstimate and the statistical significance test in which it is used here are there-
fore only approximations and were used only for the sake of the present example.
Lhe z statistic obtained using the formula (e.g., Lentner, 1982; Formula 885)

z=(0-eNv (6)

was 3.0984, with a one-lailed probability of .0010. Thus, an approximate test based
on runs of a specific length was correctly able to reject the null hypothesis.

Omnibus Tests of Run Lengths

Application of a test concerned with a specific run length normally requires
the researcher to choose the run length in advance. However, Wallis and Moore
(1941) introduced an omnibus test based on an examination of several run
lengths. Such a test was originally intended to be used with data that were meas-
ured on at least an ordinal scale, although later variations of the test (Knuth,
1981) require an interval scale. In terms of the latter reference, observations that
are higher in value than the preceding observation form part of a run up and
observations that are lower than the preceding observation form part of a run
down. In the case of the previous example of 12 runs of length two, there were
12 runs up of length one (12 occurrences of an H followed by a 7) and 6 runs up
of length two (six occurrences of H followed by 17).

Wallis and Moore (1941) used the standard asymptotic chi-square test ( Siegel
& Castellan, 1988) to establish statistical significance. To avoid the problem of
small expected cell frequencies (Mehta, 1994), they required the maximum run
length of either runs up or runs down to be three. Runs of greater length were
truncated to a length of three. Even with that constraint, Wallis and Moore found
that the standard chi-square test was ovetly liberal in rejecting the null hypothe-
sis as a result of the lack of independence between run lengths. In other words,
if two runs of length 12 were observed in 24 observations, all other run lengths
would have zero probability of occurrence.

Gustafson, Dawson, Nielsen, and Caeli (1994) and Harrison and Tamaschke
(1993) described similar omnibus tests based on run lengths. The latter test
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requires the maximum run length to be six, and the former test allows the maxi-
mum run length to be determined by the data. Knuth (1981) also described an
omnibus test that allows the maximum run length to equal the longest run that is
found in a particular set of data. That test, in which one attempts to take the cor-
relations between different run lengths into account, was implemented in the
DRUNS/RUNS subroutine of IMSL (1991). However, the latter implementation
was specifically intended for continuous data, and the maximum run length was
required to be specified in advance. Finally, Knuth (1981) intended that test to be
applied to large samples, consisting of at least several thousand observations.

A Monte Carlo Permutation Test

Existing omnibus length-of-runs tests either place arbitrary limits on the max-
imum run length or are intended to be used with continuous data, or both. We
required a procedure that could be applied to binary data and would allow the
maximum run length to be determined empirically. It is a straightforward matter
to compute a chi-square statistic measuring the difference between the observed
and expected numbers of runs of each length. Because of possible problems with
small expected frequencies and dependence between run lengths (Wallis &
Moore, 1941), however, we did not wish to rely on the chi-square distribution to
assess statistical significance.

Good (1994) and McKenzie et al. (1996) described general nonparametric pro-
cedures for ascertaining the statistical significance of novel or modified test sta-
tistics. One such procedure is the Monte Carlo permutation test (e.g., Edgington,
1995: Good, 1994; Manly, 1997; Mehta, 1994). In permutation lests, one
assumes that any pattern or ordering of data (e.g., HHTT ... ,HTHT ..., HTTH
.. .) is possible under the null hypothesis (Good, 1994). Monte Carlo permuta-
lion tests involve a sample of all the possible orderings being selected. The data
must be randomly shuffled or permuted a large number of times (a value of 999
was used by McKenzie et al., 1996).

Monte Carlo permutation tests based on the total number of runs are imple-
mented in SPSS Exact Tests (SPSS Inc., 1997) and StatXact (Cytel Software
Corporation, 1995). With regard to the omnibus length-of-runs test, a chi-square
statistic is computed for each Monte Carlo permutation. That statistic represents
the difference between the observed and expected number of runs of each length.
The formula for calculating the expected number is provided in Equation 4. As
mentioned earlier, the formula is intended for the calculation of the expected
number of runs of a single element. To calculate the number of runs of cither ele-
ment, one adds together the expected number of runs of heads and the expected
number of runs of tails for each run length.

The number of times that the original chi-square is equalled or exceeded by
the chi-squares for the randomly permuted samples is then recorded. That count,
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plus 1, is then divided by 1,000 (999 random permutations plus 1). The addition
of 1 to the numerator and the denominator allows for the onginal permutation or
ordering of the raw data (as discussed by Onghena & May, 1995). If the result-
ing value, expressed as a proportion, is less than or equal to .05, then the result
1s statistically significant at the .05 level.

With regard to the running example involving 24 coin tosses, only one (the
obtained data series) permutation consisted of 12 runs of length two. The proba-
bility was therefore 1/1,000 or .001, which in this case is almost identical (lo
four-digit precision) to the probability obtained using the approximate test for
runs of a specific length described above.

Vulidation

To examine the Type I (false positive) error rate of the omnibus length-of-runs
test, one must perform a simulation study. For each of seven sample sizes (25,
50, 75, 100, 250, 500, and 1000), we used the RNUND (IMSL, 1991) pseudo-
random uniform random number generator to generate 3,000 binary datasets.
Simulations (and applications to real data) were carried out on an Intel Pentium
200 MMX microprocessor with 32 megabytes of RAM, with custom FORTRAN
(Microsoft Corporation, 1995) software. We used two methods of dSsCSsIng sta-
tistical significance of the chi-square goodness of fit—999 Monte Carlo permu-
tations (MCP) and the standard asymptotic chi-square (ACS) test suggested by
Gustafson et al. (1994) and Harrison and Tamaschke (1993),

Because the omnibus length-of-runs test is intended to be used for runs of both
clements (heads and tails) and single elements (heads or tails), we performed two
sets of simulations for each method of assessing statistical significance. In the
first set, runs of heads and runs of tails were both counted. In the second set. only
runs of heads were counted. We used a pseudorandom number generator to gen-
erale the data; therefore, approximately 5% of the results should be statistically
significant at the .05 level.

Results

The Monte Carlo permutation length-of-runs test exhibited a satisfactory Type
I error rate for all seven sample sizes, for runs of hecads or tails as well as runs of
heads only (see Table 1). However, the standard chi-square test was grossly lib-
eral for all sample sizes, but particularly in the case of runs of either heads or
tails, for sample sizes of 100 or more.

Runs of Length Two

We first applied the omnibus length-of-runs test (with 999 random permuta-
tions used throughout) to the ongoing example of 12 runs of length two. With the
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TABLE 1
Type I Error Rates of the Monte Carlo Permutation (MCP) Length-of-Runs Test and the
Asymptotic Chi-Square Test (ACS)

MCP ACS

N Heads or tuils Heads Heads or tmls Heads
29 049 048 172 186
50 052 052 186 166
75 46 050 178 159
100 046 045 195 165
250 051 051 194 169
50 155 055 207 179
1,000 052 053 209 176

new test, applied to both runs of heads and runs of tails, there were no runs of
length one (six expected) and 12 runs of length two (three expected). The over-
all result was statistically significant (> = 33.0, p = .009). Note that because a
permutation distribution was used, rather than the theoretical chi-square distri-
bution, the concept of degrees of freedom is not relevant.

Clusters of Suicides

The results of the length-of-runs test applied to the data on suicide by plastic
bag asphyxiation (Church & Phillips, 1984) are given in Table 2. The test was
applied only to runs of suicides, rather than nonsuicides. In addition, we used a
Monte Carlo permutation version of the standard one-sample runs test similar to
that described by Manly (1997).

We found a total of five runs of suicides. Probabilities for number of runs less
than or equal to five and greater than or equal to five are reported by the com-
puter program, in a similar fashion to StatXact (Cytel Software Corporation,
1995: see Table 1). Although statistically significant (p = .018 for total number
of runs 2 5), that result tells us very little about the type of patterns in the data.

TABLE 2
Clusters of Suicide (Church & Phillips, 1984)

Run length Observed n Expected n
1 3.000 6.503
2 0.000 975
3 2.000 146

Note. ¥’ = 26.348, p = 0.01600, Total runs = 5, p = (L9990 (< 5), 0.018 (2 5).
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A test based on the total number of runs does not by itself provide much infor-
mation as to whether runs tend to be long or short. By examining the results of
the length-of-runs test, one can see that fewer isolated occurrences of suicide (3)
than would be expected by chance (6.503) were found. On the other hand. we
observed a greater number of runs of three suicides (2) than would bhe expected
(.146) by chance. Such a result was statistically significant (¥* = 26.348, p =
.016). Our finding offers positive support for the original observation of Church
and Phillips (1984)—that there appears to be clustering of suicides within the
Kingston-on-Hull data. However, the length of the time intervals during which
suicides occur may have bearing on the results (e.g., Kirch & Lester. 1986).

Vowels and Consonants

Current psycholinguistic (e.g., Martindale, 1991) and speech processing (e.g.,
Markvitz, 1995) research is concerned with the understandin g of graphemes or
phonemes rather than vowels and consonants. However, because the latter ele-
ments are binary, one can readily analyze them by using the length-of-runs test.
In two papers published in The American Journal of Psychology, Newman
(1951a, 1951b) analyzed patterns of vowels and consonants in short segments
(1,000 characters) of biblical text in various languages. Bishop, Fienberg, and
Holland (1975) later used Markov chains (e.g., Gottman & Roy, 1990) to reana-
lyze Newman's data. Interestingly, Markov (191 3/1955) used counts of the vow-
els and consonants found in a sample of Russian verse as a demonstration of the
statistical method that now bears his name (Gani, 1985). Bishop et al. (1975)
established the presence of a third-order Markov chain for King James English.
In other words, the probability of a written character being a vowel or a conso-
nant is dependent on whether the preceding three characters are vowels or con-
sonants.

For purposes of demonstration, we applied the Monte Carlo omnibus length-
of-runs and standard one-sample, or total-number-of-runs, tests to the first 1,000
characters (not including the preface, chapter title, or opening quotation) of a
machine readable (World Library, Inc., 1994) edition of a recent American Eng-
hsh text (Stannard, 1980). For the sake of convenience, we adopted the early
cryptanalytic (Gaines, 1956) convention of treating the letter y as a vowel. The
proportion of vowels was .40, identical to that found in the analysis of larger
amounts of English text (Gaines, 1956). The results for runs of vowels are given
in Table 3.

There were a total of 325 runs found in the data (p = .001, for total number of
runs 2 325). By examining the length-of-runs test, one can see that single vow-
els (runs of length one) were more common than would be expected under the
null hypothesis (observed = 261, cxpected = 144.353), On the other hand, vowel
combinations (in particular triplets, or runs of length three) were less common
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TABLE 3
Clusters of Yowels in a Sample of American English Text

Run length (hserved n Expected n
I 261 144,353
2 57 57.308
3 6 22.751
4 l 9.032

Note. x* = 113.737, p = 0.00900. Total runs = 325, p = 1.00000 (£ 325), 0.001
(2 325).

than would be expected if the series were random. It should be noted that the
above analysis, as well as those described by Bishop et al. (1975) and Newman
(1951a, 1951b), did not delineate character sequences into individual words.
Runs of three, or even four, vowels were therefore possible (e.g., a particular
word may end in two vowels, and the very next word may begin with a vowel).

Although based on a comparatively small segment of one particular text, the
above result tallies with Menzerath’s (1950) finding that the most common vowel
(V) consonant (C) sequences in English—CVC, CVCC, and CCVC—involve
single vowels. The omnibus length-of-runs test was statistically significant (=
113.737, p = .009).

Discussion

Asymptotic chi-square significance tests have been found to give satisfactory
results in the case of runs of particular elements (Koppen & Verhelst, 1986).
However, the results of our simulation study clearly show that such methods
should not be used with an omnibus test based on run lengths. Our results con-
firm the original findings of Wallis and Moore (1941) and call into question the
validity of the length-of-runs procedures described by Gustafson et al. (1994)
and Harrison and Tamaschke ( 1993).

The Monte Carlo omnibus length-of-runs procedure exhibited a satistactory
Type I error rate on simulated data. Unlike the standard one-sample or total-num-
ber-of-runs test, the above procedure was correctly able to reject the null hypoth-
esis in the case of runs of length two. Although formal power studies are
required, the length-of-runs test appears to give a smaller p value than does the
total-number-of-runs test for the suicide cluster example, but a higher p value
than the total-number-of-runs test in the case of the vowels and consonants exam-
ple. In both of the above applications, as well as the runs-of-length-two example,
the length-of-runs test provided information that was not supplied by the total-
number-of-runs test.

We intend to apply both the omnibus length-of-runs test and the total-number-
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of-runs test to data concerned with forced-choice decision tasks for schizo-
phrenic patients. On the basis of prior research (e.g., Lyon, Lyon, & Magnusson,
1994; Paulus, Geyer, & Braff, 1996), both very short (“chaotic” responses) and
very long (perseverative responses) runs would be expected for an individual
schizophrenic patient.

The present omnibus length-of-runs test is intended for use as an adjunct to the
standard one-sample or total-number-of-runs test, as well as traditional (e.g.,
Knuth, 1981; Onghena, 1993) and newly developed (e.g., Davies, Dawson,
Gustafson, & Pettit, 1995; Gentleman, 1994; Lyon et al., 1994: Paulus et al.,
1996; Pincus & Kalman, 1997) tests of randomness. A Windows 95 microcom-
puter program for performing Monte Carlo permutation tests based on the length
of runs, as well as the total number of runs, has been developed. That program
may be obtained from the first author.
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